Differentiation

y=axt+bx+c , d—y:Zax+b, Yy

dx dx X=X,

=2ax,+b

Thetangentto the curve y=ax’+bx+c at (Xo Yo) IS Y—Yo=(2aXo+b) (x—Xo).
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1+x)" = Zcﬂxk , differentiate we get: n(1+x)"" = Z kCix**, differentiate again, we have
k=0

k=1

n(n-1)(1+x)"? = Z:k(k—l)CExk‘2 and substitute x=1, .. Zk(k—l)cﬂ =n(n-1)2""?.
k=2

k=2

y=Ce" +Ce"* = y'=1,Ce"* +1,C,e"* = y"=1,°Ce"™ +1,°C,e""
Y =M+ A) Y Aoy = A, SCeM +4,7C,eM — (A, + 4y )(h,C ™ +4,Ce" )+ A0, (C e + Ce’™) =0,

y =X"[ C; cos (In x) + C, sin (In x)] ..(2)

Differentiate (1), y’=—Xx""[ Cy sin (In x) = C;, cos (In X)] + n X" [ C; cos (In ) + C, sin (In x)]
xy’=-X"[Cysin(Inx) - Cycos (Inx)] +ny ..(2)

Differentiate (2), xy” +y’==x"'[ C; cos (In x) + C, sin (In x)] = nx"* [ Cy sin (In X) = C, cos (In x)] +ny”,

Multiply by  x, X2y" +xy’= —y—n[xy’=ny] +nxy’, by (1)and (2).

X2y" +(L=2n)xy’+(1+n?)y=0.

y=1l-In(x+y)+¢ d_y:_ ! (1+d_yj+eyd_y
dx X+Yy dx dx

(1+i+e"Jd—y:—L :>d—y= !
X+Yy

dx X+Yy dx _1+x+y+(x+y)ey



(@ € (b) ap"e™*c () (Ina)"a* (d) (—1)"’1(n—1)!in
X

(&) u=¢€*, v=1/x, By Leibnitz Theorem,

X n-1
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uv)™ CluRy® = Kkl _c 1)<prx™ik
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(H y=2"-Inx, y=(n22"-1x, y"=(In2’*2"+1x* . y"=(In2)"2"+(-1)"—= (” 1)

(9 u=e™, v=Pyx), By Leibnitz Theorem, (uv)"™ = Z Crumhy = Z Cra"*e™(P, (x))"
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2n-1Ha"
" =(-1)" ( , where 2n-D!'=(2n-1)2n-3).... (5)3)(1).
N (2n-1)11 = 2n-1)@2n-3) .... G)B)(L)

G) y=x*Inx, y=x3+43Inx, y"=7¢+12%"Inx, y®=26x+24xInx, y* =50+ 241Inx
yO=24x7, yO¥=-24x? yD=48x7 y®=-144x""
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Tangent: y-Yy,=—[]">(X—-X,) Normal:  y-y,=_[—2(X—X,)
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Normal: y-y, =ﬁ(x—x0)
0
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Vx+iy=va = —+—=T=0=>-2
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—tan— b) 2xtan ——xzj Q) ——
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XC+y?+2gx+2fy+c=0 = 2x+2yd—y+29+2fd—y=03d—y(xy)z—x0+g
dx dx dx y, +f
. Xo+9g
Tangent: y—y0=——f(x—x0) or XX, +YY, +9(X+X,)+f(y+y,)+c=0
Yo+
Normal: y—y0=y°—+f(x—x0)
Xo+9
y?=dax = 2yd—y=4a :d_y(x y)=§
dx dx 7y,
2a
Tangent: y-y,=—(X-X,) or yy,=2a(x+X,)
0
Normal: _y, = Yo x-
DY =Yoo= (X=X%)
2a
2 2 2
(i} +[X) -t = 2_X+ﬂd_y:0:>d_y(xy):_bxo
a b a®> b’ dx dx a%y,
b?x, XXy VY, a’
Tangent: y-y,=-——(Xx-%,) or —+-2=1 Normal: y-y, =
Yo a b b
LS AN d—y(xy)=—E Tangent: y—yoz—E(x—xo) o 2_Y_q
dx 't a a b
a
Normal: y—y0=E(x—x0)
xy=¢c2 = d—y(xm)z—ﬁ Tangent: y—yoz—ﬁ(x—xo) or  Xyg + YXo = 2¢°
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. (n+1x . nx
sm( ) sin

B 2 2
Let P(n): ZSII‘IIX— —
i=1 Sin—
2
. (k+1)x . kx
K sin———~—sin—
P(1) isobviously true. Assume P(K) istrue forsome ke N, i.e. Zsinix: 2 " 2 o (™
i=1 sin —
2
sin (k+l)xSi sin (k+1)x .
S 2. - (k+1 k+1
For P(k+1), smlxb:(*) 2 ” 2 +sin(k+1)x = 2 +25|n( +1X cos( + X
= ’ sin— sin— 2
2
[smk+2cos(k+l) }ain(kJrl)X {sinkx+(sin(k+2)x— nkxﬂsin(k-‘_l)x
_ 2 2 2 2 L 2 2 2 2
. X . X
SIn— sin —
2 2
Sin(k+2)x Sin(k+1)x
= 2 " 2 o P(k+1) isalso true.
sin—
2
By the Principle of Mathematical Induction, P(n) istrue ¥ neN.
Differentiate the above proposition, we have:
x[n+1 (n+1)x . nx n__nx . (n+1)x} 1 (n+1x . nx X
n sin— cos sin— + —co0s—sin———— |- —sin———"-sin— Cc0S —
D kcoskx = 2L 2 2 2 2
= ., X
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Lax+x2+ .. +x =21 1+2x+3x2+...+nx”‘1:(X 1+ 1)<~ x 1):nx (n+1)x" +1

X —1 Differentiate

(x-1)
an+2 (n+1) n+1 +X

(x-1)
n?x"2 —(2n2 + 2n — 1" + (0 +1Px" —x -1

(x-1)°

= X+2X2433+..+nx" =
multiply x

= 1 +22x+3x%+...+n°X" =

Differentiate

(x-1)
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17. 2"sin—c0s—c0S—....c0S— = 2" c0S—C0S—....COS 2sin—cos—
n n 2 4 2n—1 2n 2n

1 X X X . X ho X X X X . X .
=2""c0S—C0S—....COS sin =2""Cc0S—C0S—...C0S 2c0s sin =...=8inXx
2n—l 2n—1 2 4 2n—2 2n—l 2n—2
X X X sin x . . . .
€0S —C0S—....COS — = (better proof can be carried out by induction rather than deduction)
2 n no. X
2" sin —

. . X X X . . X
Taking logarithm of the above, In COSE+ In cosz+ et In cosz—n =Insinx — Insmz—n— In2"

. . 1. x 1, X 1 X 1 X
Differentiate we get: —tan—+—tan—+....+—tan— =cotx ——cot—
2 4 4 2" 2" 2" 2"

l n+l l l
18. =u:>Iny=(n+1)|n(n+1+x)—n|n(n+x):>—d—y= n+- 0 _ X
(n+x)" ydx n+l+x n+x (n+1+x)(n+x)
. dy . . .
Since x>0, y>0, d—>0 and y isincreasing with Xx.
X
n+l n+l n n+l
(n+1+x) >(n+1+0) (“ij <(1+ X j
(n+x)" (n+0)" n n+1

o 230 80 &
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ﬂ_i(dyj i(]/wjzi(%wjﬂ: :ly[jsxfj 1 _ ;y(gi]

dx®  dx - dy ) dy\/ dy - dax

& dx dx dx Y (LX_ ax\’
dy) dy

dy _dyox _dy fox _dg(t) /df(1)

20. =
dx dtdt dt/ dt dt dt

. . dx . . dy
(@) P: x=a(2cost+cos2t), y=a(2sint—sin2t) .. g =-2a(sint +sin 2t), py = 2a(cost—cos2t)

t t
. Grad. of tangent = gy = —C(_)St_—C_OSZI =—tan e (1)

dx sint +sin 2t 2

Tangent at P: y—a(2sint—sin 2t)=—tan%[x—a(2 cost+cos2t)] ... )
Normal at P: y—a(2sint—sin 2t)=cot%[x—a(ZcochosZt)] ..... €))

by Q: x,= a(Z cos(—lj + COS 2(—£D = a(cost + 2003(1D, y, = a(sin t—2sin lj
2 2 2 2
t t t . .t
R: x,= a(z cos(n ——) +Cos Z(n ——D = a(cost - Zcos(—D, Y, = a(sm t+ 25m—)
2 2 2 2



y,—y, 4asin(t/2) _ tanl 4

Mog = = —tan—
X,—X, —4acos(t/2) 2
oYY afsin2t —sint-2sin(t/2)] _ 2cos(3t/2)sin(t/2)-2sin(t/2) _ sin(t/2) ——tani 5)
Fe X—X, a[2cos(t/2)-cost—cos2t] 2cos(t/2)—2cos(3t/2)cos(t/2)  cos(t/2) 2

From (1), (4) and (5), we have: Grad. of tangentat P = mpg = mgr  and P, Q, R are collinear.

. . 1
the tangentat P meets the curve in the points Q, R whose parameters are _Et and w——t.

© QR?=(xa—X1)* + (Y2 - yo)’
=[-4acos(t/2)* + [4asin(t/2)] =16a%[cos?(t/2)+sin?(t/2)]=16a>
QR =4a
(d) Replace t by (-t/2) and (x-t/2) in(2), we get:

TangentatQ: y-— a(— Zsin% +5sin tj = tan %[x - a(z cosé + costﬂ ..... (6)

TangentatR: y-— a(Zsin%+ sin tj = —cot%[x - a(— 2003%+ costﬂ ..... @)

Grad. of tangent at Q x Grad. of tangent at R = tan (t/4) x [- cot (t/4) ] = -1
thetangentsare Q and R are atright angles.
By substituting in  (6) and (7) respectively we can check that:

and the point Z = (a cos(n —%}asin(n—%)) = (—acos%,asin%) is on tangent at R.

Let the tangentat Q andthe tangentat R intersect at the point  X.
ZYXZ = rt Z. Alsothe mid-pointof YZ, O=(0,0), which is a constant point.

By the converse of £ in semicircle, the locus of point X isacircle centre O.

2 2
The radius of the circle =0Y = \/(acoséj +(—asin%j =a.

- Thetangentsare Q and R intersect on the circle x*+y?=a’
() Replace t by (-t/2) and (m-t2) in(3), we get:

ot t t
Normal at Q: y—a(—23|n5+smt):—cotz[x—a(ZcosE+costH ..... (8)

Normal at R: y—a(Zsin%Jrsint):tani{x—a(—Zcos%+costﬂ ..... 9)

Thenormalsat P, Q, R are concurrent and meet at the point x=3acost,y=3asint.

This can be checked by either by substitution of the point in (3),(8) and (9) or solve any two of the
equations (3), (8) and (9) to get the point. ~ Obviously, x*+y?= (3acos t)? + (3 a sin t)? = 9a’ and the
normalsat P, Q, R areconcurrentand intersect on the circle: x* + y? = 9a°.



(f (¢ +y?*+12ax + 9a%)?
= [(a(2cos t + cos 2t))? + (a(2sin t — sin 2t))* + 12a (a(2cos t + cos 2t)) +9a%]?
=a*[4 cos®t + 4 cos t cos 2t + cos® 2t + 4 sin® t — 4 sin t sin 2t + sin? 2t + 24 cos t + 12 cos 2t + 9]°
=a*[5+4 (costcos2t —sintsin2t) + 24 cost+ 12 cos 2t + 9]°
=a*[5+4cos3t+24cost+ 12 cos 2t + 9]
=a*[5+4 (4cos ®t—3cost) + 24 cost + 12 (2 cos’ t — 1)+ 9]°
= a*[16 cos ®t + 24 cos? t +12cos t + 2]°
=43* [8cos® t + 12 cos’t + 6 cos t + 1]°
=4a’[2 cos t + 11°
4a(2x + 3a)° = 4a [2(a(2cos t + cos 2t)) + 3a ]
=43* [4 cost+ 2 cos 2t + 3]°
=4a*[4cost+2 (2 cos’t—1) + 3]
=43’ [4cos’ t + 4 cos t + 1]°
=4a[2 cos t + 1]°
(% + y? + 12ax + 92%)° = 4a(2x + 3a)’.
For reference, the graph of the function is given below:
The value of a is taken to be 1.
The tangent problem at part (e) is also illustrated.
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