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 ∴ The tangent to the curve  y = ax2 + bx + c  at  (x0, y0)  is  y – y0 = (2ax0 + b) (x – x0) . 
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6. y = xn[ C1 cos (ln x) + C2 sin (ln x)]          …..(1) 

   Differentiate (1),  y’ = –xn-1 [ C1 sin (ln x) – C2 cos (ln x)] + n xn-1[ C1 cos (ln x) + C2 sin (ln x)] 

 ∴ xy’ = –xn [ C1 sin (ln x) – C2 cos (ln x)] + n y       …..(2) 

 Differentiate (2),  xy” + y’ = – xn-1[ C1 cos (ln x) + C2 sin (ln x)] – nxn-1 [ C1 sin (ln x) – C2 cos (ln x)] +ny’,   

 Multiply by  x,    x2 y” + xy’ =  –y – n[xy’ – ny] + nxy’ ,  by (1) and (2). 

  x2 y” + (1 – 2n)xy’ + (1 + n2) y = 0. 

7. y = 1 – ln (x + y) + ey      
dx
dy

e
dx
dy

1
yx

1
dx
dy y+⎟

⎠
⎞

⎜
⎝
⎛ +

+
−=  

 ∴ 
( ) y

y

eyxyx1
1

dx
dy

yx
1

dx
dy

e
yx

1
1

++++
−=⇒

+
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

+
+  

 1



8. (a) ex  (b) abnebx + c  (c) (ln a)nax   (d) ( )
n

1n

x
1

!1n)1( −− −  

 (e) u = ex ,   v = 1/x,   By Leibnitz Theorem, 
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 (j) y = x4 ln x ,  y’ = x3 + 4x3 ln x,  y” = 7x2 + 12x2 ln x,  y(3) = 26x + 24x ln x,  y(4) = 50 + 24 ln x 
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 (a) P:   x = a(2cos t + cos 2t), y = a(2sin t – sin 2t) ∴ ( ) ( )t2costcosa2
dt
dy

,t2sintsina2
dt
dx

−=+−=  

  
2
t
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dx
dy
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+

−
−==∴         …..(1) 

  Tangent  at  P:   ( ) ([ t2costcos2ax
2
t

tant2sintsin2ay +−−=−− )]     …..(2) 

  Normal  at  P:  ( ) ([ t2costcos2ax
2
t
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⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛−+⎟
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⎠
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⎜
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⎜
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⎟
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⎜
⎝
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⎜
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⎜
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t
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−
=
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1
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=
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=

−
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 From (1), (4) and (5), we have:  Grad. of tangent at P = mPQ = mQR  and P, Q, R are collinear. 

 the tangent at  P  meets the curve in the points  Q,  R  whose parameters are  t
2
1

−   and   t
2
1

−π . 

 (c) QR2 = (x2 – x1)2 + (y2 – y1)2  

  ( )[ ] ( )[ ] ( ) ( )[ ] 222222 a162/tsin2/tcosa162/tsina42/tcosa4 =+=+−=  

  ∴  QR = 4a 

 (d) Replace  t  by (-t/2)  and  (π - t/2)  in (2),  we get:  

  Tangent at Q:  ⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
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⎞

⎜
⎝
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2
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cos2ax
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2
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⎤
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⎟
⎠
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⎜
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⎛ +− tcos

2
t

cos2ax
4
t
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2
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  Grad. of tangent at Q × Grad. of tangent at R = tan (t/4) × [- cot (t/4) ] = -1 

  ∴  the tangents are  Q  and  R  are at right angles. 

  By substituting in  (6) and (7) respectively we can check that: 

  The point  Y = ⎟
⎠
⎞

⎜
⎝
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⎠
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⎜
⎝
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⎟
⎠
⎞

⎜
⎝
⎛−⎟
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2
t

cosa
2
t

sina,
2
t

cosa   is on tangent at Q. 

  and the point  Z = ⎟
⎠
⎞

⎜
⎝
⎛−=⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −π⎟

⎠
⎞

⎜
⎝
⎛ −π

2
t

sina,
2
t

cosa
2
t

sina,
2
t

cosa   is on tangent at R. 

  Let the tangent at  Q  and the tangent at  R  intersect at the point  X. 

  ∴ ∠YXZ  =  rt  ∠.  Also the mid-point of  YZ ,  O = (0, 0), which is a constant point. 

By the converse of ∠ in semicircle,  the locus of point  X  is a circle centre  O. 

  The radius of the circle  = OY = a
2
t

sina
2
t

cosa
22

=⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛ . 

  ∴ The tangents are  Q  and  R  intersect on the circle  x2 + y2 = a2. 
 (e) Replace  t  by (-t/2)  and  (π - t/2)  in (3),  we get: 

  Normal at Q:  ⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛ +−−=⎟

⎠
⎞

⎜
⎝
⎛ +−− tcos

2
t

cos2ax
4
t

cottsin
2
t

sin2ay    …..(8) 

  Normal at R: ⎥⎦
⎤

⎢⎣
⎡

⎟
⎠
⎞

⎜
⎝
⎛ +−−=⎟

⎠
⎞

⎜
⎝
⎛ +− tcos

2
t

cos2ax
4
t

tantsin
2
t

sin2ay    …..(9) 

  The normals at  P, Q, R  are concurrent and meet at the point  x = 3a cos t , y = 3a sin t. 

  This can be checked by either by substitution of the point in (3),(8)  and  (9) or solve any two of the  

  equations (3), (8) and (9) to get the point.  Obviously,  x2 + y2 = (3a cos t)2 + (3 a sin t)2 = 9a2 and the  

  normals at  P,  Q,  R  are concurrent and intersect on the circle: x2 + y2 = 9a2. 

 6



 (f) (x2 + y2 + 12ax + 9a2)2  

  = [(a(2cos t + cos 2t))2 + (a(2sin t – sin 2t))2 + 12a (a(2cos t + cos 2t)) +9a2]2

  = a4 [4 cos2 t + 4 cos t cos 2t + cos2 2t + 4 sin2 t – 4 sin t sin 2t + sin2 2t + 24 cos t + 12 cos 2t + 9]2

  = a4 [5 + 4 ( cos t cos 2t  – sin t sin 2t) + 24 cos t + 12 cos 2t + 9]2

  = a4 [5 + 4 cos 3t + 24 cos t + 12 cos 2t + 9]2

  = a4 [5 + 4 (4cos 3 t – 3 cos t) + 24 cos t + 12 (2 cos2 t – 1)+ 9]2

  = a4 [16 cos 3 t + 24 cos2 t +12cos t + 2]2

  = 4a4 [8 cos3 t + 12 cos2 t + 6 cos t + 1]2

  = 4a4[2 cos t + 1]6

  4a(2x + 3a)3 = 4a [2(a(2cos t + cos 2t)) + 3a ]3

  = 4a4 [4 cos t + 2 cos 2t + 3]3

  = 4a4 [4 cos t + 2 (2 cos2 t – 1) + 3]3

  = 4a4 [4 cos2 t + 4 cos t + 1]3

  =4a4[2 cos t + 1]6

  ∴ (x2 + y2 + 12ax + 9a2)2 = 4a(2x + 3a)3. 

 For reference, the graph of the function is given below: 

 The value of a is taken to be 1. 

 The tangent problem at part (e) is also illustrated. 
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